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Abstract
We discuss the existence and regularity of solutions to the following Dirichlet
problem:
—div ((1-57:09) = —div (W E(z)) + f(x) in €, )
u(x) =0 on 9092,

where 6,~ > 0. An interesting feature of this problem is the interplay between
the two nonlinearities, the degeneracy and the power nonlinearity.
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1 Introduction

In these notes we study existence and regularity of solutions to a class of elliptic
problems whose basic model is

{—div (B ) = —div (7 B(2)) + f(2) in 0, o)

u(z) =0 on 09,

where 6 > 0, E(x) is a vector field and f(x) a function in L™(Q) with m > 1.
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More generally, we will focus on the following problem:

u(z) =0 on 09, (D)

{—div(a(x,u)Du) = —div(u"E(x)) + f(x) in ,
where 7 is a fixed number, a(z, s) is a Caratheodory function which satisfies, for a.e.

€, any s € R:
a

— <
(T+[s)? ~

where «, 8 are positive constants.
The summability of E(z) and f(z) will vary and will be specified below.

a(z,s) <, (©)

Remark 1. Condition (C) implies that the operator in problem (D) is not coercive,
hence the usual H{(Q)-existence theory cannot be applied directly. Moreover, since
E(x) is not necessarily a potential, i.e. E = Duv, the equation is not always variational.

Most of our results will assume 6+~ small, the case where +y is large and 8 = 0 has
been recently described in Boccardo et al. (2024). If 6 > 1, some nonexistence results
exist, see Alvino et al. (2003). The rationale behind all these results is that when the
summability of F(z) and f(z) is high enough, bounded weak solutions tend to exist,
whereas in low summability cases we can only get distributional solution lying in some
Sobolev space VV(l)’q(Q)7 for some 1 < ¢ < 2, and in some cases, a smallness condition
on the source f(z) is also required.

We will look for two types of solutions:

A weak solution, sometimes also called a finite energy solution, is a function
u € HY(Q) such that for f € L?+(Q), wE € [L*(Q)]" and we have:

/Qa(x,u)DuDgo:/Qu'YE(x)Dgo—i—/chp Yo € Hy(Q2). (3)

A distributional solution is a function u € W' () such that f € L*(Q), v E €
L

loc

(Q)]™ and we have:

/Qa(x,u)DuDgo:/Qu'YE(m)Dgo—&—/Qfga Yo € C5°(2). (4)

Remark 2. Notice that every weak solution u € H§(Q), if there is one, is a
distributional solution by definition.

As mentioned above, nonexistence can occur when 6 > 1. As a counterweight, in
the last section of this paper we add a lower order term to problem (D) and are able
to recover existence and regularity of solutions in this scenario as well.

Existence and regularity of solutions to quasilinear elliptic equations is an old
and interesting problem. The literature is vast, specially for semilinear equations,
see for example Ding and Ni (1986); Brezis and Kamin (1992); Diaz and Letelier



(1993); de Figueiredo et al. (1995); Berestycki and Lions (1983); Ambrosetti and Rabi-
nowitz (1973); Boccardo (2009); Boccardo et al. (2024), and for more comprehensive
treatment see Gilbarg and Trudinger (2001); Boccardo and Croce (2013).

1.1 Summary of results

For the convenience of the reader we present a brief summary of what will be proved
in this paper. We start with problem (D) and assume 0 < 6,y < 1, f € L™(Q),
E € [L?"(Q)]™. The following will be proved:
o [fo+v< 27 and m, r are sufficiently large then there is a bounded weak solution
u € H(Q) N L (Q).
e If § + 2v < 1, we drop the high summability of E(z), we get a distributional
solution u € W', where 1 < ¢ < 2.
® iff4++vy < % and we consider f € L*(2) only, we still have a distributional solution
ue Wyt with 1 < g < 2.
In the last section, we study the problem (L) with 6 > 0 but still maintaining ~ small.
We prove:
o If 0 + 2y < 2, m and r sufficiently large then there is a bounded weak solution
u € Hy(Q) N L ().
o If 0+ 2y <2, m > 0+ 2 and r sufficiently large then there is a distributional
solution u € H§(Q) N L™ ().
o If0+2y < 2,2 <m < 6§+2 and r sufficiently large then there is has distributional
solution u € H§(Q) N L™ ().

1.2 Notation & Assumptions

- Q c RY is a bounded domain and N > 3.
- The space H}(Q2) denotes the usual Sobolev space which is the closure of C§°(2),
smooth functions with compact support using the Sobolev norm.

- For ¢ > 1, ¢’ denotes the Holder conjugate, i.e. % + % =1, and ¢* denotes the
Sobolev conjugate, defined by ¢* = Ig—qu >q.
- For p > 1, p. denotes (p*)’, in particular, 2, = ]\27—12

- We will use the somewhat standard notation for Stampacchia’s truncation
functions (see Boccardo and Croce (2013)):

Ti(s) = max{—Fk, min{s, k}}, Gi(s)=s—Tk(s), fork >0.

- The letter C' will always denote a positive constant which may vary from place
to place.

- The Lebesgue measure of a set A C R™ is denoted by |A].

- The symbol — denotes weak convergence.

2 Proof of the results

Fix n > 0, let f,(x) = T,,(f(x)) and E,(z) = T,(E(z)), the latter is the vector
field obtained from F(z) by truncating its components by n. Consider the truncated



equation:

—div(a(z, Ty, (un))Duy,) = —div (T (u)) Ey) + fo(2)
A simple application of Schauder’s fixed point theorem guarantee the existence of
weak solution, i.e. a function u,, € H}(2) satisfying

/a(%Tn(un))DunDcp:/(Tn(uZ)En)DLp—i—/fngo Yo € HY (). (5)
Q Q Q

Moreover, since the right hand side is bounded, classical regularity results imply that
U, € L®() as well.
The following lemma will be needed below.

Lemma A. (Boccardo and Croce, 2013, Lem 6.2) Let f € L™, m > & g(k) =
Jo |Gr(f)| and Ay = {|f| > k}. Suppose
g(k) < Bl Ag|®

for some o> 1 and > 0. Then f € L>®(Q) and
17l <cp
for some C = C(a, ).

2.1 When m,r are sufficiently large

In our first result below, we seek finite energy solutions, that is, bounded weak solutions
u € H{(Q). As mentioned in the introduction, the majority of results of this type
require high summability on the source. The theorem below confirms that claim and
also requires an additional summability of the vector field E(x) as well.

Theorem 1. Suppose (C) holds with 0 < 6 < 2* —2 and 0 < v < 1 satisfying

0 < —
+ 5

E € [L?" (DN, f € L™(Q) satisfying

(v+2)N

(v+1) 2’

(6)
m > 5,
Then the Dirichlet problem (D) has a weak bounded solution u € H§(2) N L>(£2).
Proof. Consider ¢ = [(1 + |u,|)?T" — 1]sgn(u,) as a test function in (5). We have

a(f+1) / Dy ? < / (1+ Jun )"+ E|| Dun | + / 1L+ ).



Applying Young’s inequality to the above:

0+1 1
O 10wl < gy L@+ D 1er + [ 10+, @)

using Sobolev’s and Holder’s inequalities:

r—1

@ (/Q(l—l— |un|)2*>22* < m </Q E|2T)i (/Q(1+ |un|)12,.£9+17)>r
- (/QIflm)m (/Q(H |un|)”$:9ﬂ”>m

(8)
Choosing r,m such that 2* = 2rﬁ€+17) = mn(fjll), which is to say:
2% q 1
= —— — an _—
T 0k MM T 1

Simplifying we have:

|-

W7

(L) ™ <camiz +1s,)
Q T

Which implies by (7) that:

3

1Dul, < .

Now we prove that u,, is bounded in L*°(£2). Define

s 1
1) = [ G

Set Ay, = {x € Q| H(u,) > k}, taking ¢ = Gr(H (u,)) as a test function in (5) we
obtain

o /A D) < /A P |EYIDH )] + /A 1S1Gk(H )

Simplifying using Holder’s inequality:
2 3
) () )
Ay

o [ IDHEP < (/A |un27|E2)§ (/A |DH<un>|2>é+([4k I

We conclude that
2,
5. )

a(/Ak |DH(un)2>% < (/Ak |un|27|E|2>; + (/Ak |f




Using Holder’s inequality again:
2 2% —24

2% o 2 20% 22% m—2,
([ per) = ([ )" (o) 7
A Ay Ak

Now, by Sobolev’s inequality:

* 2% ”"% 2% 2 m—2
([ 1eumyr) sc<|E|r|Ak| — 22*”+||f||m|Awm>,
k
Finally, recall that:

/Ak |G (H (un))] < (/Ak |Gk(H(Un))|2*>21* | A

Combing this with the condition (6), we conclude that by Lemma A, |H (u,)|| < C,
but since lim_, 4o H(s) = +o00, we deduce

1
24

Junll < C.
o0
Choose n > C with T, (u,) = u,, then u,, is a weak solution. O

Remark 3. This theorem reinforces what happens in the case E = 0. Since in that
case it’s possible to obtain nonexistence results if 8 > 1 and existence only if the source
is small.

For example, if we take N = 3,0 = 2, E = 0 and a constant A > 0 large enough

then the problem
. Du _ .
—div (W) =A m 31(0)7 (9)
u(m) = 0 on 831(0),

doesn’t have a weak solution u € H}(2), see (Boccardo and Croce, 2013, Sec. 14.3).
Whereas using the theorem above and noting that 8 < 1, we have bounded weak
solutions without smallness condition on the source f(x).

2.2 Low summability of E(z), i.e. E € [L?(Q)]Y

In our next result, we drop the summability assumption on E(z) and as a result,
finite energy solutions are not guaranteed to exist anymore and we can only hope for
distributional solutions as the theorem below shows.

Theorem 2. Suppose (C) holds with 0 < 6 < 1 and 0 <y < 1 satisfying

042y <1,



2 N m - *
EG[L(Q)] ,fGL (Q)wzthm>q*_13_70+27,

Dirichlet problem (D) has a distributional solution u € Wy

where q = %. Then the

Proof. Set ¢ = [(1 + |u,|)* — 1]sgn(u,) as a test function in (5), where A < 1 will be
specified later. We have

o [ (1 ) Dun P < [ (1 fun) Al D+ [ 151
Q Q Q

Using Young’s inequality we obtain:

A
o / (L)1 | Dy 2 <~ / 2P+ / (L4 )00 D P+ / [ Fllun
Q 20 Q Q

Now choose A =1 — 6 — 2, simplifying we have:

a(l—6—29) | Du, |? 2 A
2 / (14 |un])2+2) = 2 /\/ |E| / | fllun| ™ (10)
For any ¢ < 2, by Holder’s inequality using % and (%)/:
q
\ " 1+ [u, )20+ | Dy, |2
([ ual) " < [apuafe < [ Gt Dl
Q2 Q Q (1 + ‘un|)Q(9+’Y)

q 2—
|Dun|2 2 2(1(9+"r) R
<(f o) (formn™

(11)

Combining this with (10):

) e (a0 T o [Ee e [ i

2N (1—0—7)
N—-2(0+~)

(/ |u|> sc[/Q|E|2+/Qf|M+/QunM

Since m satisfies ¢* = Am’ we obtain

then ¢* = Q%Lq” and 2 2;‘1. We have:

||7.Ln S Ca

*

Notice that by (11) we also have:

|Dun|, < C.



It follows that wu,, is bounded in Wé’q and up to subsequence u, — u.

By the dominated convergence theorem, we can easily pass the limit in the first
integral in (5) if we assume ¢ € C§°(2). Similarly, we can pass the limit in the third
integral, the only part not so obvious is the second integral.

Notice that given M C € measurable set:

()
q M

Therefore, the integral above is equi-integrable and the result follows from Vitali’s
convergence theorem. O

7*

-
e

| @t B Do < CIDG e,

2.3 f(«) has low summability

Now we assume that f is integrable only and study the effect of this condition on
the existence of solutions. As we should expect, low integrability of f(x) implies that
finite energy solutions don’t exist, in fact, they are not even well defined. The theorem
below is similar to the one before it, the major difference is the summability of f(z),
which in this case is kept to a minimum.

Theorem 3. Suppose (C) holds with 0,y > 0 satisfying

1
0 —.
+v< 2

*

Let ¢ = %, E € [L"(Q)]N, where r > %, f € LYQ). Then the Dirichlet
problem (D) has a distributional solution u € Wy,

Proof. The proof is similar to the one above. We begin by fixing k£ > 0 and setting
o =T1(Gr(uy)) as a test function in (5). We have

a/ \Dun|2§<2+k>9+v/ |E||Dun|+<2+k>9/ I
Bk Bk

Ay

where By = {x € Q|k < |up| < k+ 1} and Ay = {x € Q| |u,| > k} . Using Young’s
inequality we obtain:

2 4+ k)200+7)
o[ 1w e B [ ppat | |Dun|2+<2+k>9(/ f|+|{un|2k+1}|>
By 2 By, 2 By, By,

Simplifying we have:

2 4+ k)200+m)
9/ |Dun|2§¥/ E? +(2+k) (/ f|+0>
2 /g, 2a By, By,



Hence:

a | Du, |2 1 / 5 /
s <o [ BP +C
2/fak @t )20 = 20 Jy, FUT ),

Taking the sum from £ =0 to k =

/ (H'ﬁuf':ﬂ) < ( Liee [ 10+ )

For any ¢ < 2, by Holder’s inequality using 2 and (2)":
2—gq

(2 + |uy, )90+ 2004\ 2
q — q
i+l = [ S ipu <o ([ @ )

We choose ¢ such that %ZV) = ¢* , which is to say

2N(1—(0+7))

1= "N 200+~

As before, u, is bounded in Wo’q and up to subsequence u,, — u. Using exactly
the same arguments of the proof of theorem 1, we conclude that u € WO is a
distributional solution. O

Remark 4. The condition r > % is needed for Holder’s inequality when proving that
[ un|"|E| is equi-integrable.
3 The presence of lower order term

In this last section we consider the effects on the existence and regularity of the
presence of a lower order term in problem (D). More precisely, we consider

(L)

{—div(a(x, w)Du) + u = —div (W E(z)) + f(z) in Q,
u(z) =0 on 012,

where v > 0 and a(z, s) satisfies (C).
Similar to the previous case, for a fixed n > 0, Schauder’s fixed point theorem can
be used to guarantee the existence of weak solution u,, € H}(Q) N L>°(Q), satisfying

/Qa(x,Tn(un))DunDcp—&—/Qun(p:/Q(Tn(un)'yEn) D<p—|—/Q fap Yo e Hy(Q). (12)

We need the following lemma first:



Lemma B. Suppose 0 + 2y < 2, E € [L*(Q)]Y with r > 79— € L™(Q), with

m > 2. Then:
/ |un|m<c< Jip=E s [ e | |f|m).
Q Q Q Q

If m=1, for any 0 > 0,7 > 1 and r > 1 we have:

[ tual < [ 151

Proof. If m =1, fix k > 0 and take ¢ = w as a test function. We have, ignoring
the first positive term:

/ i Deltn) / ||| Dus| + / 1
Q k Q Q

Taking the limit ¥ — 0 and using Fatou’s lemma:

[t [

Fix A > 1, take ¢ = |1 + |u,||*~2(1 + |un|)sgn(u,) as a test function to obtain:

a(r-1) /Q (Lt fun )2 | Duty [P+ /Q ) < © /Q (1 fun) 27| E|| D + /Q Fllun P

After using Young’s inequality, that becomes:

A—2—-6
/Iun\A SC/(1+|un|)2KA*””)* 2 ]|E|2+/ [ fllun
Q Q Q

Simplifying:

1 7 —2— 1 7
/ |Un|>\ < 7/ |un|2r [(A—2+~)—2=2 6]—‘,—0 </ ‘E|2T +/ |E|2 +/ f|m>+/ |un|m (A—=1)
Q 4 Q Q Q Q 4 Q

Choosing A = m and v’ =

m .
a1, We obtain:

T (e Fy )

10



3.1 m,r sufficiently large

As we shall see in the next theorem, the presence of a low order term increase the
regularity of solutions. This fact was already noticed in some cases when 8 = 0, > 1,
see Boccardo et al. (2024). Here we extend this analysis to the case 6 > 1.

Theorem 4. Suppose 0 > 1 and +2vy <2, f € L™(Q) withm > & F € [LP(Q)]Y
such that p > %. Then the Dirichlet problem (L) has bounded weak solution
u € H{(Q) N L (Q).

Proof. Set A, = {(1+ |u,|)?~! > (1 +k)?~'} = {Jun| > k} and take

1

Y= mG(l-}k)sfl((]. + |un|)971)sgn(un) =: Gg.nsgn(uy,)

as a test function in (12). We have:

| Du,, |? / 92
o[ APl [ G, < [ 0t ) B Dl + [ 171Gl
/A,C Tt fun ), wolCrn <O f (1 [ al+ WG

Notice that by Young’s inequality:

1

/ IGin < C. / A+ = 10 )’ = (R ) — (14 RO
Ay Ay 0—1 )4,

S Ce |f|9 + GCG/ Gk,n|un‘
Ay

Ay

Taking € = C% and combining with the equations above we get:

Du,|?
O‘/ D 5 SC/ (1+|Un|)7+9_2\E||Dun|+Ce/ f1°.

Using Young’s inequality again:

- | Du,|? 1 2(v+6-1 2 0
5| T <5 [ U |w)?OTVEP O (f),
Choosing r such that 2r'(y+ 60 — 1) = m, i.e. r = m, using lemma B and
Holder’s inequality we obtain:
L+ Jua |\ | ’
u ” m—6
piog (L) <o ([ 1mer) " i 4
Ak 1 —+ k Ag m

p—2r

<0 (IBPIALT + 719 4

m—0
m

N——

11



Finally, Sobolev’s inequality give us:

2

2 p—2r

* m—0
<0 (IBPIALT + 1111 )" )

(/Ak |10g(1—|—|un|)_1Og(1+k)|2*)

We conclude that:

* 2% (p—2r) 2* (m—0)
[ log(1-+ unh —tog1 + 0 < € (IBIIA 5 + 1717 1“5 )

Ag

ON . . 2" (m—60) 2" (p—2r
-, p > rN implies %7%

< C and consequently:

Since m >

|un)

> 1, lemma A gives | log(l +

||OO

huall_ <
It suffices now to choose any n > C such that T, (u,) = wu,, for this particular n, u,
is a bounded weak solution of problem (L). O
32 m>60+2

In the next case we slightly weaken the summability of the source f(z), the cost of this
is the existence of a distributional solution only, instead of a bounded weak solution.

Theorem 5. Suppose 0 + 2y < 2, f € L™(Q) with m > 0 + 2, and E € [L*(Q)]V

with r > max (m, %) Then the Dirichlet problem (L) has distributional

solution u € HY(Q) N L™(Q).
Proof. Take ¢ = [(1+ |u,|)?*! — 1]sgn(u,) as a test function to obtain:

q/w%ﬁsc/a+mm”mmmw+c/vmmﬂ.
Q Q Q

Using Young’s inequality and simplifying we have:

[ 10wl <€ [ @ a2 EE + U el
Q Q m m

Since 8 +2 < m and r > m we can use lemma B, which gives:
/ |Du,|* < C
Q
Hence, u,, — u up to a subsequence, using the same reasoning as the proof of theorem
2 we can easily see that u is a distributional solution. O

12



332<m<0+2

In our last result we weaken even more the summability of the source term, yet we
are still able to obtain distributional solutions.

Theorem 6. Suppose 0+2y <2, f € L™(Q) with2 <m < 0+2, and E € [L*(Q)]V
with r > max ( ) Then the Dirichlet problem (L) has distributional

m m
2—2y—0 64+0—-2m—2v
2m
solution u € W'é’ FENL™(Q).
Proof. Consider ¢ = [(1 + |u,|)™ ! — 1]sgn(u,) as a test function. We have

/'D“"'z <C(/<1+u 2 gDl + [ 11 |m1)
o (14 |ug|)f—m+2 = Q " " Q "

Using Young’s inequality, the fact that m < 6 + 2, and lemma B again, we have:

| Du, |? </ 9 o 0—mi2 _
=l < 1 L N2Eme 2T B2 Lt
| i <o ([ 0+ B+ [ 171

<c(IE2 +I71™)

| Du, |2
_Hel o
/Q (1 + |up[)f=m+2 =

For any ¢ < 2, by Holder’s inequality using % and (%)':

We conclude that:

q(0— m+2) 2—q

1+ u,)" =2 900 -m+2) 2
Lo = [ S pur <o ([ s ) )
Q (14 |ugl) Q

Set ¢ = 77 then (02717?;2) = m and we conclude that
/ |Du,,| 72 < C
Q

Therefore, u,, — u up to a subsequence and as before, u is a distributional solution. []

4 Concluding remarks and open questions

Notice that we have assumed N > 3 in this manuscript due to some estimates failing
when N = 2. It would be interesting to see if the arguments presented here can be
adapted to include similar results in the plane as well. Hence it’s reasonable to ask
the following question:

What are the equivalent results of the ones presented here in 2 dimensions?

In this work the assumption v > 0 was heavily used, so it would be interesting to
see the equivalent results, if any, in the case v < 0. Notice in this case the nonlinearity

13



would compete with the degeneracy but this time also being a singularity so it’s pos-
sible that no bounded solutions exists and if they do it’s possible that some smallness
condition will be required contrary to the case described here in theorem 1. We ask
the following;:

Is it still possible to obtain finite energy solutions if v < 0 without smallness
condition on the source or vector field E?

We can increase the level of difficulty of the Dirichlet problem (L) if instead of
adding u(x), we add g(u) for some real valued function g(s) with reasonable growth.
It would be interesting to see if one can obtain Ambrosetti—Prodi type results in this
case. More precisely, consider the problem:

—div(a(z,u)Du) + g(u) = —div (u"E(z)) + f(x) in , (14)
u(z) =0 on 09,

Is it possible to find a function g(s) Lipschitz with g(0) = 0 such that for any given

source f(x) only one of the following three options are possible: the above system has
no solution, one solution, or two solutions.
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