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Abstract

In this manuscript we prove the existence of solutions to a fully nonlinear
system of (degenerate) elliptic equations of Lane-Emden type and discuss a
inhomogeneous generalization.
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1 Introduction

We will study the following fully nonlinear (degenerate) Elliptic system:

Fi[-u]=0v", ©v>0 in R",
Fi[-v]=0u®, u>0 in R, (S)
liminf u(x) = 0, llim infv(z) =0.

where ¢ € MT(R™) is a nonnegative Radon measure, 0 < ¢; < k < 5 fori=1,2,
and Fj[u] is the k-Hessian operator, defined as the sum of the k-minors of D?u.

The equation Fj[u] = f(x,u) in a domain Q@ C R™ actually is variational. It’s the
Euler-Lagrange equation of the functional
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where F,ij represents the derivative with respect to the entry a;; and F'(z,u) an
antiderivative with respect to .

Similarly to the linear case, when we study the variational problem associated with
the k-Hessian equation we divide the problem into three cases, the sublinear case, the
eigenvalue problem, and the superlinear case, depending on the behavior of f(z,u).
In this manuscript we restrict ourselves to the case of systems with f(z,u) = uf,
with ¢ < k. However, the results presented here could be generalized to other types of
f(x,u) having similar growth rate.

In order for this system (S) to make sense in case u is not regular enough, we
consider it in the sense of k-subharmonic functions and k-Hessian measures as defined
in Trudinger and Wang (1999).

More precisely, an upper-semicontinuous function is said to be k-subharmonic in
QCR" 1<k<n,if Fy[q] > 0 for any quadratic polynomial ¢(x) such that u(x)—g(z)
has a local finite maximum in Q. In case, u € C? () then u is k-subharmonic if and
only if F;[u] > 0 for j < k. In particular, all k-subharmonic functions are subharmonic
in the usual sense and if £ = n then they are also convex.

The set of all k-subharmonic functions in Q will be denoted by ®(Q).

We recall the following theorem:

Theorem 1 (Trudinger and Wang (1999)). For any k-subharmonic function u, there
exists a Radon measure pylu], called the k-Hessian measure such that

i. If u € C?(Q) then py[u] = Fylu]dz; and
it. If u; is a sequence of k-subharmonic functions which converges to u a.e., then
pi[uj] = prlu] weakly as measures.

Hence, system (S) makes sense even in case u, v are not C? but are k-subharmonic,
as long as we understand Fy[u] as uy[u].

The case k = 1 of system (5) , i.e. Fi[u] = Au, and its p-laplacian generalization,
have been addressed recently in da Silva and do O (2024), where the authors obtained
Brezis-Kamin type estimates Brezis and Kamin (1992) for a quasi-linear system sim-
ilar to the one being discussed here. In da Silva (2024), we analyzed the Fractional
Laplacian equivalent of (.S). We plan to generalize this circle of ideas and discuss the
fully nonlinear case when 1 < k < 3.

For more on the k-Hessian equation see the wonderful monograph Wang (2009).

System (S) above is related to the following system

_ a1 _ ; n
{uwﬂcl?kﬂ(v do), do-a.ein R", -

v= W%,kﬂ (u®?do), do-a.e in R™.

Where W, pu is the Wolff Potential, defined by

Wonte) = [ (M)*dt R 0

{n—ap



and consequently,

Wit = [ (MEED) A e ©

== t’

Notation: For the sake of simplicity will denote W%7k+1a(aj) by Wyo(z).

In this paper we will only consider measures u € M+ (RR") who satisfy
W pp(z) < oo ae. in R" (FIN)
The following theorem is an adaptation, for our purposes, of (da Silva and do O, 2024,
Thm. 1.1).
Theorem 2. Let 1 <k < & and consider o € M (R") satisfying
o(E) < C, cap%’kH(E) for all compact sets E C R", (&)
and (FIN), where cap,, ,(E) is the (o, p)-capacity defined by

cap,, ,(E) = inf{||f||7, : f € LP(R"), f 20, Iof > 1 on E}. 3)

Then there exists a solution (u,v) to system (W) such that

1 k(k+q1) k(k+q1)
¢ (Wyo)¥ a2 <u<c (Wka + (Wyo) k2q142> ,
(4)

1 k(k+q2) k(k+q2)
¢ (Wio) - <y <c|Wgo+ (Wio)k-ax ||

where ¢ = ¢(n, p, ¢1, g2, &, Cy) > 0. Furthermore, u,v € Lj (R", do), for every s > 0.
Our main result is the following theorem which is a direct application of the

theorem above:

Theorem 3. Let 1 < k <

Then there exists a solution

and consider o € Mt (R™) satisfying (C) and (FIN).
u,v) € ®F(R") x ®F(R") to Syst. () such that

VI3
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1 k(k+qq) k(k+4q71)
¢ (Wyo)r?-ne <u<c (Wka + (Wyo) k2q142> ,
(5)

1 k(k+q2) k(k+q2)
¢ (Wyo) a2 <o <c¢| Wio+ (Wio)-ae2 |,

where ¢ = ¢(n, p, ¢1, g2, &, Cy) > 0. Furthermore, u,v € Lj (R", do), for every s > 0.
In the next theorem we provide a fully nonlinear equivalent result similar to what

is presented in Cao and Verbitsky (2017), da Silva and do O (2024).

Theorem 4. Let 1 < k < % and consider o € M (R") satisfying (FIN). Then there

ezists a solution (u,v) € ®¥(R™) x ®X(R™) to System (S) satisfying (5) if and only if



there exists A > 0 such that almost everywhere we have

In section 3 we analyze a generalization of System (W), we consider

=W, (v1'do +dp), do-a.ein R",
{u p (vtdo +dp) o-a.e in (W)

v=Wg,, (u?do+dv), do-a.einR",

where p,v € MT(R™) are given. We aim to prove the following result.
Theorem 5. Let o, u,v € M+ (R™) satisfy (C) and (FIN) Then there exists a solution
(u,v) to system (IW) such that

¢ (Wayo)
¢! (Wa,p0>

(Wapht+Wapv+Wapo+(Wapo)™),

7
(Woptt - W + Weapo + (Wapo)™), 01

Y1 S U S c
72 <v<e
where ¢ = ¢(n, p, q1, g2, o, Cy) > 0. Furthermore,

u,v € Ly (R, du) + Li, (R”, dv) + Li,.(R™, do),

loc loc loc

for every s > 0.

Organization of the paper

In Secion 2 we give some preliminaries and present the proof of theorems 3 and 4. In
Section 3, we discuss generalizations and prove theorem 5. In Section 4, we present
our final remarks and some open problems.

Notations and definitions

We assume Q C R" is a domain. We denote by M™(Q) the space of all nonnegative
locally finite Borel measures on Q and ¢(E) = [}, do the o-measure of a measurable
set £ C Q. The letter ¢ or C' will always denote a positive constant which may vary
from line to line. We understand Fy[u] as the k-Hessian measure py[u] associated to
u, in particular we do not assume u € C2.

2 Main results

We will need the following result from Phuc and Verbitsky (2008):
Lemma A. Let u > 0 be such that —u € ®x(R"™), where 1 <k < 5. If p = pp[—u]
and infgn u = 0. Then for all x € R,

K'"Wip(z) < u(z) < KWip(z), (8)

for a constant K depending only on n and k.



The following lemma from Cao and Verbitsky (2017) will be needed for the proof
of the main theorem.
Lemma B. Let w € M+ (R™). For every r > 0 and for all x € R", it holds

Wop (Wapw)'dw) () > 67T (Wo (@) 77 (9)
where Kk depends only on n,p.

Proof of Theorem 3

Proof. The proof is similar to the arguments presented in Phuc and Verbitsky
(2008),Cao and Verbitsky (2017), da Silva and do O (2024) and uses the idea of suc-
cessive approximations. Let (T, ) be the solution to the system (W) given by theorem
2. By hypothesis, @(z),7(x) satisfy estimate (5) , which implies

liminfu(z) =0, liminfo(z) =0.

|z|—o00 |z|—00

Also, notice that v9'do, u®do € Llloc. This will be important for the uniqueness below.

Set Kk )
+
v = 14:27(11 and vy =
— 0192

k(k + g2)

k% — qugo’
and notice that

'yl:%’ngrl and fygzq—lj’yl+1.

Now, define ug(z) = A (Wgo)™ and vo(x) = A (Wgo)"?, where X is a constant to be
chosen. Using lemma B, we obtain:

Wi (vl do) = Wi((A(Wro)?)do) > C X (Wgo)™ .

By choosing A suitably small it’s possible to obtain uy < Wy(vd'do),vg <
Wi (uf*do) < and
() S ﬂ, Vo S v.
Fori=1,2,..., let B; denote the ball centered at the origin of radius ¢ and consider
the Dirichlet problem:
Fil—ul] = ovd' in B;, )
ui =0on 0B;,

There is of course an equivalent system associated to v(x), namely, functions v¢ defined
in Bz

By the existence result (Wang, 2009, Thm. 8.2) and comparison principle
(Trudinger and Wang, 2002, Thm. 4.1), system (D) above has a unique solution.

Remark 1. Notice that we only have uniqueness because ovd',ocul* € L', which
implies in particular continuity with respect to the k-Hessian capacity. It’s not known
if uniqueness is valid for general p not integrable.



Moreover, the sequence of functions u}(z) is increasing, i.e. u}(z) < u{™'(x), and
we claim it is also bounded above. Indeed, by (Phuc and Verbitsky, 2008, Thm. 7.2),
the following estimate is true for every :

ul(z) < CWiol' < OW, ot =7
Therefore, we conclude that there are k-subharmonic functions uq(x), v1(z) such that

up = lim u}, vy = lim v}
1—00 1—>00

By the weak continuity of the k-Hessian measure, namely theorem 1, we have (uq,v1)
satisfy the system

Fi[—u1] = ool in R,
o (10
Fi[-v1] = cud® in R™.
Also, notice that u; <@, v1 <7, so we automatically have
liminf uy (x) = liminf v1 (z) = 0.
Additionally, it follows that
up > K "Wy (vddo) > u
1= k( 0 ) = UQ (11)

v > Kﬁlwk(u?do) > .

We apply induction to obtain sequences of functions u;,v; such that

u; <w, v; <T in R", (12)
0<u;1 <wu;, 0<vw 1 <

lim inf u;(2) = lim inf v;(x) = 0,

By the monotone convergence theorem and the weak continuity of the k-Hessian, we
conclude that there are functions u, v satisfying

Fyl-u] =0v® in R",
Fiy[-v]=0cu” in R", (13)
liminf u(z) = liminfv(x) = 0,

The remaining statements in the theorem follow directly from the fact that

up Su<uU, vg < v

and (da Silva and do O, 2024, Lem. 3.4)(alternatively, lemma D below). O



Proof of Theorem 4
Proof.
(=) Suppose System (S) has a solution (u,v) € ®¥(R") x ®¥(R") satisfying (5), then

P (Wro)" <u<c(Wio 4+ (Wio)™), (14)
P (Weo)? <o < e(Wro + (Wro)?),
for some ¢ > 0. Now, by lemma A,
K 'W(v1do) < u(x), (15)
K '"Wy(u2do) < v(x),
therefore we obtain:
K "Wy (v'do) > C Wy (Wyo)172do), (16)

K "Wy (u®?do) > C Wy, (Wro)®2"do) .

If we set A = & > 0 the result follows.

(<) This is a direct consequence of (da Silva and do O, 2024, Thm. 1.3), since it give
us a solution (%, ?) to the system (W). If we proceed mutatis mutandis like in the
proof of theorem 3 we obtain the desired solution.

O

Remark 2. In the linear case, k = 1,u = v,q1 = g2 = q and o radially symmetric, we
have recently da Silva (2024) given a existence criteria for a weaker criteria than the
one above. In particular, it’s possible to have solutions that do not satisfy the estimates
(5). More precisely, the following example given in Cao and Verbitsky (2016), gives a

counter-example:
1 .
s, < 1/2,
o(y) =< ¥ log? 1y Il / (17)

0, iflyl>1/2,

where s = (1 — ¢)n + 2q and B > 1. It is unknown at the time of the writing of this
paper if it’s possible to have solutions without (5) holding when k > 1.

3 The inhomogeneous case

In this section we study the case where the complexity of the system is increased due
to measures u, v € MT(R"™). We consider

Fpl-u] =ov" +p, v>0 in R",
Fp[-v]=0u®” +v, u>0 in R", (INH)

liminfu(xz) =0, liminfo(z) =0.



As before, this system is related to the more general integral system

(W)

u=Wgy, (v%do+du), do-aeinR",
v=Wg,, u®?do+dv), do-a.einR".

We claim that our results generalize to this scenario as well. First, we need a
generalization of lemma B:
Lemma C. Let o, € M+ (R™). For every r > 0 and for all x € R", it holds

W (Wapo) do +dp) (z) = #7771 (Wap0)) 77 (18)

where k depends only on n,p.
Proof. The proof is immediate since (W, ,0)"do + dp > (Wq, p0)"do. O

Like before, the lemma above is the key in showing that a subsolution exists. We
recall the following result from (da Silva and do O, 2024, Lem. 3.4):
Lemma D. Let 0 € M+ (R"™) satisfies (C) and (FIN). Then

/ (W ,0)" do < e(o(B(x, 2R) + o(B(x, R)) (19)
B(z,R)

Proof of Theorem 5

Proof. The method of proof is similar to Cao and Verbitsky (2017); da Silva and do O
(2024); da Silva (2024), namely use sub-super solutions. Even though it’s not entirely
obvious that the same method should work due to the interactions between o, u, v,
as pointed out by (da Silva and do O, 2024, Sec. 5), it turns out that with some
adjustments the proof is still valid. We recall the following notation:

(p—1)p-1+q) (p—1)(p—1+q)

yi = and 7z =

(p—1)2%—qq2 (r—1)2—qge
Notice that by definition
v = a Yo+ 1 and vy = e v + 1.
p—1 p—1

The idea to find a subsolution is to use lemma C. Fix A > 0, to be defined later and
define
(u, Q) = ()‘<Wa,p0)’yla)‘(wa,p0)72)
Then we obtain
W, do + dp) = Ao T W, (Wa o) 22do + dp) > A 1C(W, o) 7 1727
= A TC(Wo o),
W, ,(u?do + dv) = Ar- T W, ,(Wa ,0) 27 do + dv) > A5 TC(W po) 71T



= AT C(Wo o).
By choosing A sufficiently small, we can guarantee that

u

Wap(u”do +dpu),

<
< W ,p(u®do + dv),

|<

which confirms that (u,v) is a subsolution.
The goal now is to find a supersolution. Let’s now define

(W, 0) = (A(Wapp+ Wa v+ W0+ (Wap,0)" ) A (Wapn+ Wa v+ Wo 0+ (Wa,0)7%))

where )\ is a constant to be determined later. Then we have

a1 C /OO (fB(a:,t) (Waypa)ql + (WQ,PU)A/MI do + AL(B(% t)) ) plfl dt
t
0

W p(0"do + dp)(z) < Ap-T

) o0 W) doy +2;
< [ (Lo Men 07y e
0 t

tn—ap

{n—ap

N /°° (fB(z,t)(Wa’pV)qldU) 1 dt
0

{n—ap

[ e
0

{n—ap

& fB(x,t)(Wa,pU)wa do =7 dt
+ 0 ( t?L—(Xp ) 7
+ Wa,pu]

= N TC[I + IT 4 IIT + IV + W i), (20)

It’s enough to estimate I11 and IV since I, I are of type I11.
By lemma D and (da Silva and do O, 2024, Proof of thm. 1.1) we have:

Ing/”(dﬂ%wrmwmmmy%a

t’ﬂ*&p 7

< C/OOO (My)%% +c W, o(z)

tn—ap

0o _1
< 27 / (M) T Wapo(e)
o t

tn—ap

< Wy po (), (21)

and "
v < c[wwa(x) 4 (W po(z))iimert].



Combining everything together we have:

Wy (00 dotdp) (@) < AT O Wt (2)+ Wa 0 (@) H(Wa o (@) 7T 4 W ()]
Likewise, by symmetry we also have

W (@2 do+dv) (x) < AT CIW g (1) +W o 0 (2)+(W o po (2)) 7T T4 W, ()]
By choosing A > 0 large enough we guarantee that (u,v) is a supersolution. Using

standard iteration arguments, we conclude that there is a solution (u,v) to system
(IW) satisfying

(SIS
IN A
< 2
INIA
SIS

Since by (da Silva and do O, 2024, Lem. 3.4), w,v € L; (R", dp) + Lj,.(R™, dv) +

loc

L; .(R™, do), we automatically have u,v € L{ (R", du)+L; (R, dv)+L; .(R", do)
O

With theorem 5 proved, one can easily prove existence results to systems of the
form (INH). Also, the following systems:

—Apu=ocv™ +p, w>0 in R,

-Apv=cu+v, v>0 in R, (22)
lim u(z) =0, lim v(z) =0,

and
(=A)*u=0cv® +pu, ©v>0 in R"
(—A)*v=0cu®+v, v>0 in R", (23)
lim wu(z) =0, lim v(z) =0.

can be analyzed in a very similar way, since they are both connected to (ITW).

4 Final remarks and open questions

The results above lead to these natural questions:

1. In these notes we have assumed k < 5 because the Wolff potential W, ;0 estimates

requires 0 < a < ?, which in our case is the same thing of requiring k¥ < 5. We
may then ask what happens if k > %, namely, do we still have any sort of Brezis-
Kamin estimates (5) in case we have non trivial solutions? A particular case would

10



be the system below not covered in this article:

det[D?u] =ov®™, v>0 in R",
det[D*v] = ou®, u>0 in R"

liminfu(z) =0, liminfo(z) =0,

(24)
u and v convex.

Labutin’s local estimates Labutin (2002) are still valid, so it may be possible to still
obtain solutions satisfying (5) but using different methods of the ones presented
here.

2. We haven’t discuss here the regularity of the solutions, but we believe some reg-
ularity theory could be stablished based on the regularity theory which already
exists for equations involving the k-Hessian. For example, by using the same type
of arguments as the ones presented in Wang (2009) and Chou and Wang (2001). In
particular, it’s possible but not clear if Holder regularity could a priori be obtained
for (S), depending on the values of k,n,q1, ¢2.
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